This paper examines the work-energy theorem of classical physics and applies it to two situations with non-constant mass. The first is that of a rocket burning fuel. The second is that of a proton in a particle accelerator reaching relativistic speeds. The analysis leads to a reformulation of the work-energy relation in terms of momentum and velocity rather than force and displacement. This allows graphical determinations of kinetic energy that are both simple to make and clear even to beginning students. The use of graphical integration obviates the necessity of using calculus for the non-constant mass situations. An unexpected result is the invariance of this reformulation even for the relativistic case.
Introduction
A student recently asked a question that prompted me to re-examine the work-energy theorem and its relation to kinetic energy. His question was quite simple. What is the meaning of a plot of velocity versus momentum for a body since an 'area' in momentum-velocity space is an energy? The question is one with several far-reaching implications. The first of these leads to a reexamination of the work-energy theorem and allows a graphical interpretation of the kinetic energy. The graphical interpretation offers a fresh look at kinetic energy that has considerable pedagogic merit, as judged from student response.
This result alone would justify the analysis. However, the graphical technique has shown itself to be more general and powerful, allowing, as it does, treatment of time-varying mass. Graphical integration allows one to determine net work or change in kinetic energy quite simply. The paper examines both the rocket problem with nonconstant mass and particles moving at relativistic velocities. This approach makes these two topics far more accessible to beginning students than do more conventional techniques.
Perhaps even more important is the result that a simple equation in elementary mechanics, namely the one relating work, momentum and velocity, is equally valid in relativistic mechanics. Let me stress that this does not mean that there are two equations that are covariant but rather that there is one equation that is the same in both relativistic and classical mechanics. This was a completely unexpected consequence of the analysis.
Net work and momentum
Let us begin with the definition of the net work done on a body undergoing a displacement. For simplicity we shall consider a net force acting parallel to the displacement. The infinitesimal net work, dW net , is given as
where F net is the net force and dx the infinitesimal displacement. The total net work for a body going from x 1 to x 2 is obtained from integrating equation (1) or
We can plot this force versus displacement and produce figure 1. The net work done on the object is the area under the curve. Note that an 'area' in the force-displacement plane has units of newtons × metres, or joules. Rewriting equation (1) leads to another view of the net work. Using Newton's second law, we write dW = (dp/dt)dx = dp(dx/dt) (3) = (dp)v or dW/dp = v.
Integrating equation (3) gives the total work as
in which p is momentum, t time and v velocity. This is a less common but equally valid form of the work equation. We shall now apply this form of the equation to several quite different situations.
Work and constant mass
For a body whose mass is constant the momentum is always linear with velocity, since
In other words, the momentum has the same functional dependence on time as does the velocity. Therefore plotting velocity versus momentum gives the linear graph of figure 2. The plot applies no matter how the force varies with time, as long as the mass is constant. An 'area' in the momentum-velocity plane has the units (newtons × seconds)(metres/seconds) or joules. Evaluating the area for the range from zero velocity to the maximum velocity, we find the net work to be
This last term is the well-known expression for the kinetic energy. More generally we can write
The net work therefore equals the change in the kinetic energy of the body during its displacement. 
The rocket with varying mass
Consider a rocket accelerated vertically. Its engine has a continuous exhaust fired straight out from the rocket tail. The exhaust velocity of the gas with respect to the rocket is u. The fuel burns at the constant rate µ such that dm/dt = −µ.
The gravitational force is −mg. For simplicity we shall take g to be constant and neglect air resistance. This is the only external force acting on the system. Therefore we may write the net force as
The mass m is a function of time and may be written as
in which m 0 is the initial mass. Rewriting equation (7), we obtain
Integrating, we find for the velocity
Combining this with equation (8) yields for the momentum
To provide a numerical example take the exhaust velocity u to be 2 × 10 3 m s −1 , the initial mass m 0 to be 100 kg, and the rate of change of mass µ to be (m 0 /100) kg s −1 . Table 1 gives the values for mass, velocity and momentum for a range of times from 1 to 50 seconds. Figure 3 is a plot of velocity versus momentum for these values.
By applying equation (3a) it is easy enough to calculate the area under the graph of figure 3. As before, it represents the net work done on the system. However, one must remember that the system changes mass continuously by expelling gases. This expelled gas carries energy supplied previously by the motor. As a result work done on the system does not equal the change in kinetic energy of the rocket alone. It must also include the continuous change in kinetic energy of the exhaust gas as well. This is the reason that the graph of figure 3 has a concave upward form. 
Particle moving at relativistic velocities
An elementary particle in an accelerator such as a cyclotron can reach relativistic speeds. Since mass is velocity dependent at such speeds, the momentum (as with the rocket problem) is no longer linear with velocity. The expression for the relativistic momentum is
in which c is the velocity of light. Figure 4 is a plot of velocity versus the momentum divided by the rest mass (p/m 0 ). Notice how different equation (12) is from equation (11), as is figure 4 from figure 3. Unlike figure 3, figure 4 is concave downward. The momentum increases more rapidly than it does in the classical case of constant mass. It also differs from the rocket problem in that there is no physical loss of mass during the acceleration process but rather an increase. How do we interpret the area under the graph? The total energy, E, of a relativistic body may be written as
Combining equations (12) and (13) leads to The relativistic kinetic energy, T , equals the total energy minus the rest energy or
Differentiating equation (15) we find dT /dp = dE/dp
Equation (16) is identical with equation (3) except for the change in the definition of kinetic energy. The area under the graph is T = v dp.
Rosser [1] has an especially good treatment of this material.
Discussion
Figures 2, 3 and 4 are plots of velocity versus momentum and, as such, represent the change in kinetic energy according to equations (3a) and (17). Though they do represent the change in kinetic energy, this change does not always equal the net work. We have treated three cases, two classical and one relativistic. The mass is constant for the first case (figure 2), and the velocity is linear with momentum. Here the net work done on the object equals its change in kinetic energy.
The second case (figure 3) treats a rocket with non-constant, continuously varying mass. The change in mass is a consequence of the continuous mass loss from the fuel combustion. The change in kinetic energy does not equal the net work, since some of the net work is done on the lost mass. The kinetic energy at any instant is that of the rocket plus the amount of fuel on board, not that of the rocket plus the original fuel.
The relativistic case (figure 4) is like the first one, in that no mass is lost. However, because of the relativistic mass increase with velocity, the momentum increases more rapidly than if the momentum were linear with velocity. Moreover, all the work done on the particle by the accelerator equals the increase of kinetic energy defined relativistically. Thus, once again, net work equals the change in kinetic energy.
Perhaps the most striking fact of this analysis is the universality of equations (3), (16) and (17). The only difference between the relativistic and classical cases is the generalization of the definition of kinetic energy. As I implied in the introduction, this generalization is a consequence of the invariance of the equation relating work, momentum and velocity in both classical and relativistic physics.
